Abstract The symmetry of floating drops is considered. Under conditions that the free boundary is flat it is shown that all three component interfaces are symmetric about a vertical line.
Introduction
Floating drop configurations are three fluids in equilibrium, where one fluid has significantly less volume, and is the drop. The drop may be less dense than the supporting fluid (a light drop) or more dense than the supporting fluid (a heavy drop).
The earliest reference I was able to find is Laplace [13] , where 10 pages of the second supplement to volume IV were devoted to the problem of mercury on water. More recently, floating drops have been studied by Massari [14] and Elcrat and Treinen [5] in the setting of functions of bounded variation, and by Slobozhanin [18] , This present work follows the direction of Elcrat, Neel, and Siegel [3] , which follows the direction of Gibbs [8] . See Treinen [20] for a general existence theorem for symmetric configurations. Numerical simulations were also done by Elcrat and Treinen [4] .
Consider the problem in R 3 , as in [3] . In that paper it was proven by a first variation argument that the interfaces must satisfy Euler-Largange equations with matching conditions along the free boundary. The conclusions will be presented later in this section. In this paper I will continue with the variational approach to the floating drop problem and prove some symmetry results for the variational solution.
In Section 2 the symmetry results of Wente [23] are adapted to show that under some circumstances the drop is symmetric about a vertical axis in both the light drop and the heavy drop problems. Methods used by Finn and Vogel [7] are adapted to show that the external interfacial surface, between the supporting fluid and the fluid above, Ray Treinen 138 Cardwell Hall, Manhattan, KS 66502 E-mail: treinen@math.ksu.edu is also symmetric about the same vertical axis; these methods rely on a comparison principle of Siegel [17] , which is an extension of the comparison principle of Concus and Finn [2] . See Finn [6] .
The remainder of this section is devoted to fixing notation. There are three fluids, represented by the sets E 0 , E 1 , E 2 ⊂ R 3 . The volume of E 1 is smaller than the others, and represents the drop. Each set has an associated density: ρ 0 , ρ 1 , ρ 2 ; with ρ 0 ≤ ρ 1 ≤ ρ 2 for a light drop, and ρ 0 ≤ ρ 2 < ρ 1 for a heavy drop. The boundaries of the fluids are assumed to be C 2 surfaces away from the smooth curve of triple junction, denoted Γ , and C 1 up to Γ . Assume that the surfaces are closed: each surface contains Γ . These surfaces are not assumed to be graphs in general. The surfaces are labeled by their adjoining fluids: the interface between E 0 and E 1 is S 01 ; the interface between E 1 and E 2 is S 12 ; the interface between E 0 and E 2 is S 02 . The function notation of u for S 01 , v for S 12 , and w for S 02 is also used. Associated to each surface is a surface tension: σ 01 , σ 12 , σ 02 . The force balance condition σ 01 ≤ σ 12 + σ 02
(1)
is assumed. The contact angles are defined with the same numbering scheme, and are γ 01 , γ 12 and γ 02 , measured by the normals to each surface at each point in Γ . The contact angles and surface tensions must satisfy the Neumann triangle relation:
The associated capillary constants are
where g is a gravitational constant. Define T u = ∇u/ p 1 + |∇u| 2 . It was shown in [3] that the symmetric interfaces satisfy the following Laplace-Young equations and free boundary condition:
u, v, w meet at Γ and satisfy (4).
The derivation there also works for a heavy floating drop, where κ 12 < 0. Two forms of the differential equation ∇ · T u = κu will be used: both assume the solution is symmetric about the radial axis. First, parametrized by arc length s, is:
Here r is the radial coordinate of the solution, u is the height, and ψ is the inclination angle measured from the positive radial axis. This is the most general form of the symmetric differential equations, as it allows for inflection points and vertical points, where they exist. Second is the form parametrized by inclination angle ψ:
2 Symmetry
Let (x, y, z) be a Euclidean coordinate system for R 3 . The equilibrium state of a floating drop in R 3 has the following symmetry property:
Theorem 1 Let E 0 , E 1 , E 2 be a partition of R 3 , with interfaces S 01 , S 12 , S 02 ∈ C 2 . Let E 1 be bounded, open, and connected. Let the following division property hold: there is a horizontal plane Σ, at a height z 0 , passing through E 1 so that one of the following hold:
Suppose that the mean curvatures Hu, Hv of surfaces S 01 , S 12 measured relative to the exterior normal are the restrictions to the respective surfaces of C 1 functions on R 3 depending on the z-coordinate alone. Suppose that the surface S 02 satisfies ∇ · T w = κ 02 w, w → 0 as |(x, y)| → ∞, and that S 02 is a graph outside of a disk of radius r 0 . Then there is a vertical line ℓ about which all three surfaces S 01 , S 12 , S 02 are symmetric.
Figures 1, 2, and 3 are vertical slices of floating drops representing conditions 1, 2, and 3 of the division property, respectively. Notice that ∂E 1 = S 01 ∪S 12 . Geometrically, the plane Σ divides ∂E 1 into two surfaces, and a different differential equation holds for each surface. This allows us to compare surfaces reflected about vertical planes with the original surface, while using the same differential equation, and associated touching principle.
Both the light and heavy drops in R 3 , with the division property, may satisfy the hypotheses of the theorem. To my knowledge, boundedness of a drop has only been studied in a different context in [5] , and the connectedness of a drop has not been studied at all. In [20] the second and third conditions of the division property are treated, and it is shown that these cases will not appear in symmetric solutions.
Wente [23] proved the symmetry of sessile and pendent drops using an Alexandrov moving plane argument, and is based on work of Alexandrov [1] , E. Hopf [10] , also see [11] , and Serrin [15] [16] . See also Gilbarg and Trudinger [9] . The following are a collection of results needed.
Let u 1 = u 1 (x, y) and u 2 = u 2 (x, y) be two solutions of the same prescribed meancurvature equation
The following are specializations of "applications" from [23] : Application 1 Let u 1 (x, y) and u 2 (x, y) be two C 2 solutions to the same differential equation of prescribed mean-curvature
Application 2 Let G be a region in R 2 and suppose that in a neighborhood of (x 0 , y 0 ) ∈ ∂G, the boundary of G is of class C 1 . Suppose that u 1 (x, y), u 2 (x, y) ∈ C 1 (Ḡ) ∩ C 2 (G) are both solutions to the same prescribed mean-curvature equation (15) , where H(x, y, u) is continuously differentiable onḠ×R. If u 1 (x 0 , y 0 ) = u 2 (x 0 , y 0 ), u 1 (x, y) ≤ u 2 (x, y) for (x, y) ∈ G, and the inward normal derivatives ∂u 1 /∂ν = ∂u 2 /∂ν at (x 0 , y 0 ), then u 1 (x, y) ≡ u 2 (x, y) onḠ.
Application 3 Let G ⊂ R 2 be a bounded region which has a C 1 boundary in a neighborhood of (x 0 , y 0 ) ∈ ∂G. Let T be a normal plane to ∂G at (x 0 , y 0 ) and let G + be that component of G lying on one side of T which contains (x 0 , y 0 ) in its closure. Suppose that u 1 (x, y), u 2 (x, y) ∈ C 2 (Ḡ + ) are both solutions to the same prescribed mean-curvature equation (15) , onḠ + where H(x, y, u) is continuously differentiable onḠ
for (x, y) ∈Ḡ + , and if for any nontangential direction pointing into G + at the corner (x 0 , y 0 ), we have ∂u 1 /∂s = ∂u 2 /∂s and
The following result is nearly contained in Theorem 1.1 of [23] .
Corollary 1 Let X be a bounded, open, and connected subset of R 3 which is adhering to the plane Σ : {z = z 0 }. Suppose that the boundary of X, ∂X = Σ X ∪ Ω, where Σ X = Σ ∩X and Ω, the liquid-air interface, is a surface with boundary of class C embedded in R 3 such that Γ ≡ ∂Ω = Ω ∩ Σ. Suppose that the mean curvature, H, of Ω measured relative to the exterior normal is the restriction to Ω of a C 1 -function on R 3 depending on the u-coordinate alone. Finally, suppose that the angle of contact, α, of Ω with Σ measured interior to X is a constant along ∂Ω where 0 ≤ α ≤ π. Then there is a vertical line about which X is axially symmetric such that any nonempty intersection of X with a horizontal plane is an open disk with center on the axis.
Proof The difference between this and Theorem 1.1 in [23] is the height of Σ, and it is well known that the transformation u → u + λ/κ preserves the left hand side of (15), while translating the surface up by a distance λ. By setting λ = z 0 , the corollary follows.
The following result is a restatement of a specialization of Theorem 1.2 in [23] . See Remark 1 in that paper.
Corollary 2 Let X denote the interior of a volume of fluid in contact with the horizontal plane, Σ. Suppose X is a bounded, open, and connected subset of R 3 . Suppose that Σ X =X ∩ Σ is a disk. Denote Ω = ∂X \ Σ X . Suppose the mean curvature of Ω is linear in height. Then X is symmetric about the vertical line passing through the center of Σ X .
We will make frequent use of the following comparison principle [17] , which we specialize to R 3 :
domain Ω, such that Σ β is C 1 and Σ 0 can be approximated from within Ω by a sequence of smooth surfaces {Λ}, each of which meets ∂Ω in a set of zero 2-dimensional measure, and such that Λ → Σ 0 and the area of Λ tends to zero. Let u, v ∈ C 2 (Ω) and suppose
Then u ≤ v on Ω; if equality holds at any point then u ≡ v on Ω.
The first step of the proof of Theorem 1 is a treatment of the cases from condition 2 and condition 3 from the division property. The second step shows that one of S 01 or S 12 is symmetric about a vertical line, and follows the proof of Theorem 1.1 from [23] , with some modifications. The third step of the proof shows that the other surface in ∂E 1 is symmetric by a direct application of Corollary 2. The fourth step shows that S 02 is symmetric about the same line as the drop. This last part is adapted from the proof of Theorem 3.2 in Finn and Vogel [7] .
Proof (of Theorem 1)
Step 1. (Treatment of condition 2 and condition 3 from the division property) If condition 2 or condition 3 hold, then the drop satisfies the hypotheses of Corollary 1. Thus condition 2 implies that a light drop is made up of an inverted symmetric sessile drop attached to the plane Σ, with the surface S 01 a disk. Condition 2 implies that a heavy drop is made up of a symmetric pendent drop attached to the plane Σ, with the surface S 01 a disk. Condition 3 implies that the drop is made up of a symmetric sessile drop attached to Σ, regardless of if the drop is light or heavy.
Step 2. (One of S 01 or S 12 is symmetric about a vertical line.) Let T 0 be a vertical plane in R 3 which lies outside of E 1 . Let T be a one-parameter family of planes parallel to T 0 , moving towards and into E 1 . Once T has cut into E 1 , let S ′ 01 (T ) and S ′ 12 (T ) be the reflections about T of of that part of S 01 and S 12 through which T has passed. Denote S 01 (T ) and S 12 (T ) to be the part of the surface through which T has not passed. Assume these surfaces are closed, so that
, and S 12 ∩ T ⊂ S 12 (T ). Also, let E ′ 1 (T ) be the reflection of the set E 1 about T , and similarly let Γ ′ (T ) be the reflection of Γ about T .
When T first cuts into E 1 , E 1 (T ) ⊂ E 1 . This will continue to be true until at least one of the following six possibilities occur for some T = T 1 . 1a) S ′ 01 (T 1 ) will be internally tangent to S 01 (T 1 ) at some point P off of Σ and away from T 1 . 1b) S ′ 12 (T 1 ) will be internally tangent to S 12 (T 1 ) at some point P off of Σ and away from T 1 . 2a) At some point P on S 01 ∩ T 1 , but off of Σ, the normal n(P ), to S 01 at P will be parallel to T 1 . 2b) At some point P on S 12 ∩ T 1 , but off of Σ, the normal n(P ), to S 12 at P will be parallel to T 1 . 3) At some point P lying on Σ, S
internally, that is, away from T 1 . 4) At some point P lying on Σ, and on S 01 ∩ T 1 = S 12 ∩ T 1 , the exterior normal m(P ) to ∂S 01 = ∂S 12 = Γ in Σ will be parallel to T 1 . Figure 4 and Figure 5 represent horizontal slices of the drop, at some height h, showing the different geometric possibilities. These possibilities are that either the reflected surface touches the unreflected surface at a point P away from T 1 , or there is a point P ∈ T 1 and on the surface where the normal, defined more precisely below, is parallel to T 0 . In these figures, if h > z 0 , then the curve S is sliced from the surface S 01 ; if h < z 0 then the curve S is sliced from the surface S 12 , and if h = z 0 then the curve S is Γ . Fig. 4 The possibilities 1a), 1b), 3). Claim: There is a first time T = T 1 where at least one of these possibilities occur.
Proof (of Claim) For each Q ∈ T 0 let ℓ(Q) be the normal half line to T 0 from Q directed towards E 1 . Let P 1 be the initial contact point of ℓ(Q) with ∂E 1 if such contact exists. Now set a(Q) to be the distance from Q to P 1 if P 1 exists, and otherwise set a(Q) = ∞. Due to the assumption that the surfaces making up the drop are C 2 , meeting at a smooth curve Γ , we may deduce that a(Q) is a lower semi-continuous function on T 0 .
Next let Q ∈ T 0 be a point off of Σ such that ℓ(Q) meets ∂E 1 . WLOG, we may assume ℓ(Q) meets S 01 . If ℓ(Q) meets S 01 transversely at P 1 , let P 2 be the second time ℓ(Q) meets S 01 , and set b(Q) to be the distance from Q to P 2 . If the normal, n(P 1 ), to S 01 at P 1 is parallel to T 0 then set P 2 = P 1 , and b(Q) = a(Q). If ℓ(Q) does not meet
Suppose Q ∈ T 0 ∩ Σ with ℓ(Q) meeting Γ for the first time at P 1 . Suppose that the normal, m(P 1 ), to ∂S 01 in Σ is not parallel to T 0 . If condition 1 of the division property holds, then the normal vector, n(P 1 ), to S 01 at P 1 is also not parallel to T 0 . It follows that ℓ(Q) will cut through S 01 , and there will be a second point, P 2 , where ℓ(Q) meets S 01 . Observe that this will remain true for points Q ′ ∈ T 0 near Q for which ℓ(Q) meets ∂E 1 . As before, set b(Q) to be the distance from Q to P 2 .
We may conclude that b(Q) is a lower semi-continuous function on
is also lower semi-continuous and positive. Thus there is a point Q * where c(Q) takes on a minimum. This minimum value is precisely the distance through which we must move T 0 to reach the plane T 1 , where at least one of the conditions 1a)-4) hold.
We now consider the 6 different possibilities. 
Choose a Euclidean coordinate system (x, y, u) with origin at P such that the tangent space to S at P is u = 0 and so that the u-axis is directed into E 1 . In a neighborhood of (x, y) = (0, 0) both S(T 1 ) and S ′ (T 1 ) may be represented nonparametrically in the form u 1 (x, y) and u 2 (x, y) respectively where both functions satisfy the same prescribed mean-curvature equation (15) 
Choose a Euclidean coordinate system (x, y, u) with origin at P such that the tangent space to S at P is u = 0 and the plane T 1 is given by x = 0, with positive uaxis pointing into E 1 , and the positive x-axis pointing towards S ′ (T 1 ). There is a neighborhood U of the origin in the (x, y)-plane such that on the domain G =Ū ∩ {x ≥ 0} both S(T 1 ) and S ′ (T 1 ) may be represented nonparametrically by C 2 -functions u 1 (x, y) and u 2 (x, y), both satisfying the same prescribed mean-curvature equation (15) onḠ. By construction we have u 1 (0, 0) = u 2 (0, 0), u 1 (x, y) ≤ u 2 (x, y) for (x, y) ∈Ḡ, and ∂u 1 /∂x = ∂u 2 /∂x = 0 at (0, 0). By Application 2 it follows that u 1 (x, y) ≡ u 2 (x, y) onḠ and thus S(T 1 ) = S ′ (T 1 ). With cases 1a), 1b), 2a), 2b) treated, we assume that T 1 is a plane for which these cases have not yet occurred, and do not occur at T 1 . Possibility 3). Choose a Euclidean coordinate system (x, y, u) centered at P so that u = 0 is the tangent space to S 12 at P , with u = x = 0 the tangent space to Γ at P lying in Σ, so that the positive x-axis is directed towards S 12 , and the positive u-axis heads into E 1 , and the positive y-axis is directed towards S 12 (T 1 ) and in the tangent space of Γ . We need the following: Claim: There is a common tangent space to both S 12 (T 1 ) and S ′ 12 (T 1 ) at P .
Proof (of Claim) Let Π be the tangent plane to S 01 at P , with normal n 01 pointing into E 1 . Let e 3 be the normal to the tangent plane u = 0. Then the free boundary conditions imply that n 01 · e 3 = cos γ 02 . Let e 1 be the unit normal vector along the x-axis. Assume that the plane u = 0 is not the common tangent space to both S 12 (T 1 ) and S ′ 12 (T 1 ). Let u ′ denote the normal to the tangent plane to S ′ 12 (T 1 )., with axes (x ′ , y ′ ) defined in a similar fashion. Assume that the tangent plane to S ′ 12 (T 1 ) has the property that its intersection with u = 0 is the line y = 0. This leads to a contradiction. Locally, either S
In either case, one of 1a) or 1b) would have occurred for some T before T 1 .
Assume that the tangent plane to S ′ 12 (T 1 ) has the property that its intersection with u = 0 is the line x = 0. This also leads to a contradition. We assumed that T 1 is the first time there is a point P on Γ where P is also on the reflected Γ ′ . Locally, either Γ ′ (T 1 ) ⊂ E 1 on one side of x = 0 or the other. The opposite side will have Γ ′ (T 1 ) ⊂ E 1 . Thus T 1 is not the first occurrence of 3).
It follows that the tangent plane to S ′ 12 (T 1 ) cannot have components of rotation in either direction, a contradiction. The claim follows.
Since S 12 is of class C 2 with boundary, it follows that in a neighborhood of P , S 12 (T 1 ) and S ′ 12 (T 1 ) are represented nonparametrically by C 2 functions u 1 (x, y) and u 2 (x, y), respectively, where u 1 (x, y) and u 2 (x, y) are defined on domains G 1 , G 2 ⊂ R 2 , and where ∂G i is a C 1 curve in R 2 containing the origin with x-axis normal to ∂G i at (0, 0), and pointing into G i . Set G = G 1 ∩ G 2 . Note that G = ∅, and in fact must contain a neighborhood of some portion of the x-axis. OnḠ, u 1 (x, y) and u 2 (x, y) are solutions to the same prescribed mean-curvature equation (15), with u 1 (0, 0) = u 2 (0, 0), u 1 (x, y) ≤ u 2 (x, y) for (x, y) ∈Ḡ, and ∂u 1 /∂x = ∂u 2 /∂x = 0 at (x, y) = (0, 0). By Application 2 we conclude that u 1 (x, y) ≡ u 2 (x, y), and hence S 12 (T 1 ) = S ′ 12 (T 1 ). Possibility 4). Choose a Euclidean coordinate system (x, y, u) with the origin at P , so that u = 0 is the tangent space to S 12 at P with positive u-axis directed into E 1 , so that x = 0 is the reflecting plane T 1 , with positive x-axis pointing towards S 12 (T 1 ), and so that y = u = 0 is the tangent space to Γ = ∂S 12 at P in Σ with the positive y-axis directed towards S 12 .
Relative to the local coordinate system the surface S 12 , in a neighborhood of P , is represented nonparametrically by a function u 1 (x, y) of class C 2 on a domainḠ ⊂ R , then u 1 (x, y) and u 2 (x, y) are both C 2 (Ḡ + ) solutions to the same prescribed mean-curvature equation (15) . Furthermore, u 1 (0, 0) = u 2 (0, 0), u 1 (x, y) ≤ u 2 (x, y) for (x, y) ∈Ḡ + , and ∂u 1 /∂s = ∂u 2 /∂s = 0 at (0, 0) in any nontangential direction entering G + . We now show that ∂ 2 u 1 /∂s 2 = ∂ 2 u 2 /∂s 2 at (0, 0) in any nontangential direction entering G + . It suffices to show all corresponding second partial derivatives of u 1 and u 2 are equal at the origin. From the definition of u 2 , it follows that
∂x 2 (0, 0) and
∂y 2 (0, 0). Let α be the angle at which S 12 intersects Σ, defined by T v · ν = cos α, with ν normal to Σ. From the preceding, it is clear that α is locally a function of x, and is of class
Proof (of claim) Assume that 
Substitute y = φ(x) into this equation and differentiate with respect to x, and use the claim to obtain
Thus, as dφ dx (0) = 0, we conclude
∂x∂y (0, 0) = 0 when b = 0. Note that 0 ≡ α and α ≡ γ 02 ≤ π, as we have eliminated the degenerate endpoints in Step 1. If b = 0 at P then α = 0 or α = π at P . In this case we have ∂u1 ∂y (x, φ(x)) ≡ 0. Differentiate this with respect to x, set (x, y) = (0, 0), and we find that
∂x∂y (0, 0) = 0 in this case also.
The conditions of Application 3 have been met. Thus u 1 (x, y) ≡ u 2 (x, y) for (x, y) ∈ G, and hence S 12 (T 1 ) = S ′ 12 (T 1 ).
Step 3. (Both surfaces S 01 and S 12 are symmetric about the same vertical line.) In Step 2 it was shown that one of S 01 or S 12 is symmetric about a vertical line. WLOG, assume that the symmetric interface is S 12 . Then ∂S 12 = Γ is a circle in Σ. Then Γ may be described as (a cos φ, a sin φ, z 0 ) for some a, z 0 > 0 and φ ∈ [0, 2π). Apply Corollary 2 to the portion of the drop above Σ. Thus S 01 is symmetric about the same vertical line.
Step 4. (The surface S 02 is symmetric about the vertical line of symmetry for S 01 and S 12 .)
The two surfaces of the drop have been shown to be symmetric about a vertical line. Denote this line by ℓ. The curve of triple junction Γ is a circle in a horizontal plane Σ. The exterior surface S 02 extends from Γ to a height of 0 at ∞, and has a prescribed, constant inclination angle ψ 0 at Γ . It may not be a graph, however, we have assumed it is a graph outside of a disk of radius r 0 . In [3] it was shown that there is a unique symmetric unbounded liquid bridge meeting the radius of Γ with inclination ψ 0 there. We have also, by assumption, fixed the height, so a proof that S 02 is symmetric is still needed, as the existing theory does not cover this configuration.
There are three possibilities: either the height of Σ is positive, negative, or zero. Due to the symmetry of the family of symmetric unbounded liquid bridges about the height z = 0, we may reduce the cases to be nonnegative. See Vogel [22] . If S 02 ≡ 0, then it is symmetric. Assume then that S 02 is above the x, y-plane for at least a portion of its surface.
Assume that S 02 is not made up of a part of one of these symmetric unbounded liquid bridges. These symmetric unbounded liquid bridges form a family Γτ with T (τ ) the height of the vertical point. We prefer to use inclination angle ψ with (13), (14) to parametrize these curves. Then ψ = −π corresponds to the horizontal point, ψ = −π/2 corresponds to the vertical point, and ψ → 0 as r → ∞. As τ decreases from infinity there will be contact with S 02 . This will lead to a contradiction with some form of the maximum principle.
First we show that for sufficiently large τ , the surface Γτ lies completely above S 02 . This follows from Theorem 2. Take τ > r 0 so that S 02 is a graph outside of r = τ . Let the portion of Γτ with inclination angle ψ ∈ [−π/2, 0) be the graph of a function uτ , and take the portion of S 02 outside of r = τ to be the graph of a function w. Then, set Σ β to be the circle r = τ , and set Σ 0 = Σ α = ∅. Then we obtain that w ≤ uτ exterior to the circle r = τ . If they are equal at any point, then they are equal everywhere, and we can follow Γτ until it contacts the drop at Γ , a contradiction. Thus w < uτ exterior to the circle r = τ .
G Fig. 6 The family Γτ , as well as its reflection below the radial axis and its envelope enclosing a region G with infinite volume.
Next, define τ 0 to be the infimum of the set {τ : Γτ ∩ S 02 = ∅}. This set is nonempty. If τ 0 were zero, then S 02 would not have any portion of its surface positive, as was assumed. Thus τ 0 > 0. Consider the surface Γτ 0 . There are two possibilities: either Γτ 0 ∩ S 02 = ∅ or Γτ 0 ∩ S 02 = ∅.
Case 1: Γτ 0 ∩ S 02 = ∅. Take P ∈ {Γτ 0 ∩ S 02 }. Either P is on the boundary of Γτ 0 (at a horizontal point on the profile curve), or P is interior to Γτ 0 .
Consider the possibility that P is on Γ , and not interior to S 02 . First, if P is on the portion of Γτ 0 where ψ ∈ [−π/2, 0), and S 02 also can be written as a graph, and extends to infinity, then Theorem 2, with
Assume the two surfaces cannot both be written as graphs that extend to infinity, and contain P . First we remove a degenerate case: if ψ 0 = −π for S 02 , but ψ 0 = 0 for Γτ 0 there is a contradiction. By assuming that the first contact was at P ∈ Γ , it follows that Γ is in the strict upper half space. This contradicts Γτ 0 meeting Γ with ψ 0 = 0. Thus there is a local coordinate system (x ′ , y ′ , z ′ ) centered at P , such that z ′ = 0 is the tangent space to S 02 at P , with positive z ′ -axis directed into E 0 , so that the plane x ′ = 0 contains the line of symmetry ℓ, with positive x ′ -axis directed into E 2 , and the y ′ -axis is tangent to Γ , and the positive y ′ direction directed along the counter-clockwise direction of Γ . Here both Γτ 0 and S 02 are locally graphs of functions uτ 0 (x ′ , y ′ ) and w(x ′ , y ′ ), respectively. Then, in this local coordinate system, there is a domain Ω ′ in the x ′ , y ′ -plane where both uτ 0 (x ′ , y ′ ) and w(x ′ , y ′ ) are well defined, and containting P in ∂Ω ′ . If uτ 0 (x ′ , y ′ ) and w(x ′ , y ′ ) both meet P ∈ Γ with angle ψ 0 , then Application 2 implies that uτ
This implies S 02 ⊂ Γτ 0 , a contradition. The other option is that there is a constant angle θ between uτ 0 (x ′ , y ′ ) and w(x ′ , y ′ ) at P , and thus along all of Γ .
For the moment return to the usual coordinate system (x, y, z). Then S 02 satisfies ∇ · T w = κ 02 w and T w · ν = sin ψ 0 , and w(Γ ) = z 0 . Thus S 02 satisfies an initial value problem beginning at Γ . However, we may also consider the symmetric solution to this IVP, solving (10), (11) , (12) . The symmetric solution must exist, at least locally, near Γ . Then, by Application 2, S 02 is identical to this symmetric solution so long as it exists. Now P was the first point of contact implies that w(x ′ , y ′ ) < uτ 0 (x ′ , y ′ ). There is exactly one surface meeting height z 0 at inclination angle ψ 0 and extending to infinity without self-intersections. See Johnson and Perko [12] , specifically Theorem 2 there, and the remarks following, and also Section 2 of Vogel [22] . Thus, either w ⊂ Γτ for some τ = τ 0 , or w does not extend to infinity without self-intersections. For a discussion of some of the other possible surfaces see [19] .
Having dispensed with the possibilities where P ∈ Γ , consider P interior to S 02 . If P is interior to Γτ 0 , then Γτ 0 would touch S 02 without crossing, and by the usual maximum principle argument this would imply that the surfaces are identical, a contradiction. Thus we assume that P is on the boundary of Γτ 0 . This boundary is a circle traced out by the horizontal points of Γτ 0 . The next step is to show that the outward normal, − → N , to S 02 at P is vertical. Again, consider a local coordinate system at P : (x ′ , y ′ , z ′ ), with the positive x ′ axis directed away from the axis of symmetry of the surfaces Γτ 0 , the y ′ axis tangent to the circle traced out by the horizontal points of Γτ 0 , and the z ′ axis directly downward, parallel to the axis of symmetry. We wish to show that − → N points along the z ′ axis.
The curve of horizontal points of the Γτ 0 's was studied in [22] , in the related context of liquid bridges. Again, we will parametrize these surfaces with inclination angle ψ ∈ [−π, 0), and (13), (14) , as in [19] , which is little more than a notational change. The results in [22] may be interpreted so that the curve of horizontal points (r(−π, τ ), u(−π, τ )), which is parametrized by τ , is the graph of a monotonically increasing function of r. Consider the surface T obtained by revolving the curve of horizontal points (r(−π, τ ), u(−π, τ )) around the axis of symmetry. The surface S 02 cannot contact T except at P , since S 02 contacts none of the surfaces Γτ 0 for τ > τ 0 . Thus − → N cannot have a negative x ′ component, since, for x ′ > 0, T goes below the x ′ , y ′ -plane, or at least, does not go above it. However, − → N also cannot have a positive x ′ component unless S 02 crosses Γτ 0 , and thus the x ′ component of − → N is zero. Similarly to this last case, − → N must have a zero y ′ component, to keep S 02 from crossing the circle traced out by horizontal points of Γτ 0 . Thus − → N points in the positive z ′ direction. We now extend Γτ 0 a small amount beyond inclination angle −π. The differential equations for the generating curve may be given in terms of arclength, see [19] . In particular, we have dψ ds = κ 02 uτ 0 − sin ψ/r. Thus, at the horizontal point, where ψ = −π, there is no inflection of the curve. Hence Γτ 0 will curl up above the x ′ , y ′ -plane. Since 02 is below the surface T in the positive x ′ -direction, it follows that S 02 is tangent to, but does not cross, the extension to Γτ 0 . Again, this leads to a contradiction with the maximum principle.
Case 2: Γτ 0 ∩ S 02 = ∅. This may be seen informally as contact at infinity. For every ǫ > 0 small enough, the surface Γ τ0−ǫ must cross S 02 . We first show that as ǫ → 0, the set S 02 ∩ Γ τ0−ǫ goes off to infinity. More precisely, for any bounded set K, K ∩ (S 02 ∩ Γ τ0−ǫ ) = ∅ for positive ǫ sufficiently small. If this were not the case for some bounded K, we would have a bounded sequence of points P i ∈ Γ τ0−ǫ ∩ S 02 , with ǫ i decreasing to zero. This would lead to a finite contact of S 02 with Γτ 0 , by the Bolzano-Weierstrass Theorem, which is a contradition.
Therefore, for ǫ > 0 sufficiently small, we have that the surfaces S 02 and Γ τ0−ǫ cross far enough away from the axis of symmetry so that both S 02 and Γ τ0−ǫ are graphs, both at their point of intersection, and for all points farther from the axis of symmetry. Thus there are two functions w and u τ0−ǫ so that in this unbounded domain Ω, away from the axis of symmetry, the graph of w is S 02 and the graph of u τ0−ǫ is Γ τ0−ǫ . Both w and u τ0−ǫ go to zero at infinity, they are equal on the boundary of Ω, and w > u τ0−ǫ inside of Ω. Theorem 2 applies here, with ∂Ω = Σ α , Σ 0 = Σ β = ∅. Then w ≡ u τ0−ǫ in Ω. Thus S 02 is identical to one of Γτ , which is a contradiction. This completes the proof of the theorem.
We have actually proven more. Let E(σ) be the envelope for the unbounded liquid bridge. See [22] and also [7] . Define G to be the closed region of infinite volume, symmetric about the vertical axis, bounded by the surface swept out by the generating curves E(σ) and −E(σ). See Figure 6 . The proof of the following is contained in Step 2 and Step 4 from the preceding theorem.
Corollary 3 Let Γ be the curve of triple junction. Let the division property of Theorem 1 hold for some horizontal plane Σ. Then Γ is a circle in Σ, and Γ ⊂ G.
Similar results, obtained from estimates on the component surfaces, may be found for the light drop in [3] .
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